Noise Kernel and Stress Energy Bi-Tensor of Quantum Fields in Conformally-Optical Metrics: Schwarzschild Black Holes by Phillips, N G & Hu, B L


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2[3] result for the vacuum expectation value of the stress tensor in the Schwarzschild black hole. With the general
expansion of the renormalized Green function at hand, one can choose a metric and compute the coincident limit of
the noise kernel as outlined in Paper II. In Section II we compute the noise kernel for spacetimes conformally related
to ultrastatic spacetimes. In Section III we specialize to the Schwarzschild black hole and discuss the signicance of
our results in Sec. IV. The Appendices contain formulas whose usefulness goes beyond the specic approximations
adopted here.
II. NOISE KERNEL IN CONFORMALLY-OPTICAL SPACETIMES
For a static physical metric g
ab








where the conformal factor e
 2!
is the space-dependent function such that g

= 1, i.e., the metric g
ab
is for an
ultrastatic spacetime. In general, we use the overbar to denote objects dened in terms of the optical metric g
ab
and
without for those in terms of the physical metric g
ab
. For a conformally invariant eld, the Green functions on the
two spacetimes are related via























































































where ! = !(x) and !
0
= !(y).































In the Hadamard ansatz, the V (x; x
0
) term is not included since there is no log divergences present in the expansion
of the Gaussian approximation to the Green function. This can also be viewed as an extension of the Gaussian
approximation.
Now the situation here is dierent from the optical case as the divergent terms present (2.4) and (2.6) do not
directly cancel. Much of the work for regularizing the Green function will entail showing that indeed the dierence
between these two divergent terms is nite and to develop this nite dierence to suÆcient order to compute the noise


















































































and W have well behaved coincident limits. As these functions stand, it is only the last one, W , that we
can readily handle. Appendix E of Paper II gives the series expansion in terms of the world function  dened with
respect to the physical metric g
ab
. Since we want the noise kernel in the physical metric, it is the covariant derivative
commensurate with this metric we must use when computing the noise kernel. On the other hand, the function G
n
is dened in terms of the world function and the VanVleck-Morette determinant of the optical metric g
ab
. Thus the
coincident limit expressions for  and the series expansion for 
1
2
derived in the Appendices of Paper II cannot be
used to determine the contribution to a series expansion of the renormalized Green function G
ren
.





are dened in terms of covariant
dierential equations with respect to the optical metric. The conformal transformation properties of the covariant
derivative are used to re-express these equations in terms of the covariant derivative commensurate with the physical
metric. Then end point series solutions built from the physical metric world function  are found. The details, along
with the found solution are collected in the Appendices of this paper. Using these results, we can determine the
contribution from G
n
to the noise kernel.
This leaves the rst function dened above to deal with. The key to unlocking this term is to introduce the
symmetric function




  (x; y) (2.9)
The important property of this function as shown in Appendix A is   
2




















 ( + )
(2.10)








































1 +  S
(4)
(2.12)

















Using Eqns (A11a) and (A16a), along with (C8) of Paper II, we get the explicit form of the leading order expansion





















































































































































































is a unit vector. From these expressions, we might expect there to be residual direction dependence for
(2.13). But when we substitute the expansion scalars into the  ! 0 value of G
div;ren
, the direction dependences of






















































which is the result derived by Page (Eq. (29) of [3]).
Now that we know we can regularize G
div;ren
, we turn to developing the series expansion of G
div;ren
to a suÆcient















































to order . Thus to carry
out the expansion (2.19) we will need these functions expanded to order 
4





























































































































































































































































































We have shown that for G
(0)
div;ren
a direction dependence could arise, but when we use the values of the expansion








, this direction dependence cancels. We expect this to happen because we see the coeÆcients
that contribute to any given coeÆcient of G
div;ren
are of a higher power than the G
(n)
div;ren
coeÆcient in question. When
going from the scalar expansion coeÆcient form to the tensor expansion form, the rank of the tensor is the same as
the order of the coeÆcient. And each of the G
(n)
div;ren
is made up of higher order coeÆcients. But as we nd by direct
substitution from the expansion tensors listed in Appendix A, for each case the direction dependence always cancel.
5In Appendix B, we give the complete form of the coeÆcients G
(n)
div;ren
, in their corresponding tensorial form. This is
one of our main results: The regularization of the leading order divergence of the Green function, when Green function
has been computed in an optical metric conformal to the physical metric in which the problem is given. What is new
here is that this regularization has been carried out to the order needed for the computation of the noise kernel. This
analysis has been developed so as to take advantage of the symbolic computing potential of current workstations.
The last remaining obstacle in computing the noise kernel comes from G
n
. As it stands, it is dened in terms of
the optical metric, while it is the physical metric with which we need to take the covariant derivatives that determine



















































































































































































































































The explicit expressions for these expansion tensors are given in Appendix C.
With this we have regularized and expanded G
div;ren
, and expanded in the physical metric G
n
, both to fourth
order. The Hadamard ansatz function W 's series expansion is derived in Appendix E of Paper II, also to fourth
order. From here we proceed as we did in Paper II for the optical metrics. To review, once a metric is selected, the




and W are computed symbolically on the computer. Then Eqn
(3.10) of Paper II is used to determine the component values of the coincident limit of up to four covariant derivatives
of G
ren
, along with the needed covariant derivatives of the coincident limits. From here the component values of the
coincident limit of the noise kernel are computed. This procedure is adopted owing to the large size of the expansions.
In fact, initial attempts to delay the specication of the metric until a full determination of the noise kernel ended up
yielding a general tensorial expression of nearly 60,000 terms. By working out from the expansion tensors in terms of
their component values, we found this had the added advantage of enabling one to study each of the separate terms
that go into computing the noise kernel.
III. SCHWARZSCHILD BLACK HOLE
We can now turn our attention to a specic example. Consider a massless, conformally coupled scalar eld on a
Schwarzschild black hole with mass M . The line element is given in the usual coordinates x
a






































this metric is the physical metric corresponding to the optical metric considered in Paper II. As in that case, the
imaginary time dimension has periodicity  = 1=4M , corresponding to a temperature associated with the Hartle-
Hawking state. We use the scaled spatial coordinate x  2M=r  1=2r. With this choice, the black hole horizon
r = 2M is at x = 1 while spatial innity is at x = 0.
We now use the results for the expansion tensors above to compute the noise kernel coincident limit, along with




































































This result agrees with Page's Eq. (83) [3]. In his work, Page showed the stress tensor must satisfy a functional-
dierential scale equation under conformal transformations. He then found, via trial and error, a general solution to
this equation. This became the basis for his computation of the stress tensor in the black hole metric.
In contrast, we have worked directly with the Green function and the point separation denition of the stress
tensor. The conformal transformation properties of the geometric objects that go into the Green function are studied
and the corresponding series expansions are developed. As can be seen from Appendices B and C, these expansions
can get quite involved even for just up to the second order terms needed for the stress tensor. Thus our agreement
with Page on the stress tensor serves as an anchor for this work. Moreover, the methods used for determining the
series expansions are fundamentally recursive. The zero order result (2.18) and the second order result (3.3) are in
agreement with known results. Since the terms needed for the noise kernel are generated recursively from these the
symbolically computed results for the Schwarzschild noise kernel coincident limit should be accurate, up to the validity







































































































































































































































As with the optical Schwarzschild case, the trace under the Gaussian approximation fails to vanish, which it should,
for the massless conformal coupling case we are considering. By taking the trace of the coincident limit expressions
for the noise kernel above, term by term, we nd that this arises from the non-vanishing of the fourth order derivative





]. This is what we had expected, based on our analysis of the optical Schwarzschild metric
undertaken in Paper II. It is not from our implementation of the conformal transformation.













































at r!1, we get

















As we can expect for a Hartle-Hawking state, this matches the thermal results of hot at space we obtained in Paper
II.
We also report the magnitude of the error at the horizon:











: 1904% 1904% 894% 18278% 1775% 1775%
(3.9)
These results show the Gaussian approximation has completely broken down at the horizon.
This is not to say we can draw no conclusions other than to discover the inadequacies of the Gaussian approximation.
What is important is the niteness at the horizon of both the noise kernel components and the error as expressed
by the failure of the trace of the noise kernel to vanish. In our computation of both the stress tensor and the noise
kernel, we have discovered niteness at the horizon is a \fragile" property. By this we mean any small error in the
symbolic code would result in a noise kernel that diverges as x! 1. This has lead us to develop more than one way to
determine the series for the optical metric geometric objects, just to test the symbolic code. We arrive at the results
(3.6) using more than one computational path. In contrast if there were one single error in the code, the resulting
noise kernel cannot be nite on the horizon.
It is the noise kernel itself, via its trace, that provides a measure of the error of the Gaussian approximation, i.e.,
we self-consistently compute both the noise kernel and its error. Statements that address correcting the error of the
Gaussian approximation also apply to the noise kernel. Correcting the Gaussian approximation will amount to nding
the terms that need to be included such that it satises the eld equation to fourth order in 
a
. When this corrected
approximation is then in turn used to compute the noise kernel, it will have to correct the current noise kernel results
(3.5f) in such a manner as to exactly cancel the current trace (3.6). Hence the correction to the noise kernel will itself
be nite at the horizon. With this in mind, we can conclude the uctuations of the stress tensor, as measured by the
coincident limit of the noise kernel, are nite at the black-hole's horizon. This is one of the main lessons learned from
the analysis of the noise kernel, as derived via point separation.
IV. DISCUSSIONS
Let us summarize our ndings pertaining to two sets of issues: the range of validity of the Gaussian approximation
and the results and usefulness of our program in spite of this approximation.
Despite its success for the stress tensor calculation there is no compelling reason to expect the Gaussian approx-
imated Green function to produce reasonable results for expressions involving higher order covariant derivatives, as
in the noise kernel. Nonetheless the Gaussian approximation is very relevant because it contains the leading order
divergence. This structure will remain even with a better approximation, while this leading order divergence must be
regularized. This step is needed regardless of what form of the Green function one adopts { future improvements to
the Gaussian approximation remains desirable, or, if the exact Green function is derived in the optical metric only.
Our work lays down the structure and provides the details for its implementation.
8Now for the successes and failures of the Gaussian approximation as applied to the computation of the noise kernel.
On the positive side our results for the uctuations of the stress tensor of the Hawking ux in the far eld region
checks with the analytic results of Campos and Hu [2]. A fringe benet is that we can verify our procedure by
explicitly re-deriving the Page result [3] for the stress tensor. We note that in Page's original work, the direct use of
the conformal transformation was circumvented by \guessing" the solution to a functional dierential equation. Our
result is the rst we know where the methodology of point separation was carried all the way through to the nal
result. That we get the known results is a check on our method and its correct implementation. On the negative side,
our calculation shows that the uctuations of the stress tensor based on the Gaussian approximation is unreliable
in regions close to the event horizon. We show this by checking that the trace anomaly fails to vanish there. This
result is not unexpected, as can be inferred from our ndings in Paper II. Corrections to the Gaussian approximation
need be introduced to improve the accuracy. One important result which may be under-appreciated is that we nd
a nite expression for the noise kernel. Even though the error is large, as long as it is nite, we know corrections to
the approximations will themselves be nite. Hence, where the approximate noise kernel is nite, we can expect the
full noise kernel to be nite. That the noise kernel on the horizon of a Schwarzschild black hole is nite is in itself
a qualitatively signicant result. This dispels claims to the contrary based on intuitive arguments or less rigorous
calculations [5, 6, 7, 8].
Along the way to regularizing the Green function to fourth order, necessary for the coincident limit of the noise
kernel, we have developed the series expansions of the various geometric objects that make up the Green function to a
high order. Once the additional terms necessary to correct the Gaussian approximation are determined, it is a simple
matter to use the work contained herein to compute these correction terms to a high enough order. In this sense, this
work not only lays down the tracks and denes the steps, but also provides all the details necessary for implementing
the point separation program to calculate the regularized noise kernel for quantum elds in curved spacetime. To
end with a more practical note, for black hole uctuations and backreaction calculations [9, 10] which requires results
from investigations like ours here, we can only reiterate what other researchers have said (lamented) before: A better
approximation to the Green function is to be desired.
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APPENDIX A: CONFORMAL TRANSFORMATION
Since we compute the Green function in the optical metric conformally related to the physical metric we are
interested in, we need to know how the geometric objects we use conformally transform. We denote objects in the
optical metric with an overbar and the covariant derivative commensurate with the optical metric by a vertical stroke.












to sixth order. We also need the
function
(x; y) = e
!(x)+!(y)
   ; (A2)
whose series expansion readily follows once the series for  is determined. The most straightforward method for
determining these series expansions is to start by considering the conformal transformation of the dierential equations
each must satisfy.












































9and we now have an equation purely in terms of the physical metric. We still have
[] = 0; [
;a
] = 0: (A5)





























































































To determine the expansion tensors, we proceed as we did in Paper II for 
1=2
and substitute the expansion into the
dierential equation (A4) and collect terms by their order in 
a
.






































which can be seen via substitution. Since  is a symmetric function, we use the results of Paper II's Appendix B,

















With this, we have set up the recursion. Now it is just a matter to proceed as with the computation of the series























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































= denotes equality upon symmetrization.
11

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































and substitute this and (A6) into (A14) and solve for the expansion tensors. Following the now well dened method
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































APPENDIX B: EXPANSION TENSORS FOR G
div;ren
We present the explicit expressions for the expansion tensors for G
div;ren
. The expansion scalars in the body are


































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































APPENDIX C: EXPANSION TENSORS FOR G
n
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